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Communicated by Robert M. Guralnick Abstract. Let G be a Camina p-group of nilpotence class 3. We prove that if G 0 < C G .G 0 /, then jG 3 j Ä jG 0 W G 3 j 1=2 . We also prove that if G=G 3 has only one or two abelian subgroups of order jG W G 0 j, then G 0 < C G .G 0 /. If G=G 3 has p a C 1 abelian subgroups of order jG W G 0 j, then either G 0 < C G .G 0 / or jZ.G/j Ä p 2a .
Introduction
Throughout this note, all groups are finite. A group G is called a Camina group if the conjugacy class of g is gG 0 for every element g 2 G n G 0 . Dark and Scoppola have proved in [4] that if G is a Camina group, then either G is a Frobenius group or G is a p-group that is a Camina group for some prime p. We say a group is a Camina p-group if it is both a Camina group and a p-group. Dark and Scoppola also proved in [4] that if G is a Camina p-group, then G has nilpotence class at most 3.
Macdonald has proved in [10, Theorem 3.1] that if G is a Camina 2-group, then G has nilpotence class 2, so Camina p-groups of class 3 only occur when p is odd. Macdonald presented examples of Camina p-groups of nilpotence class 3 for every prime p in [9, Theorem 6.3] . Other examples have appeared in [10, Theorem 5.1] , [12, Theorem 2.12] , and [4, Section 4] .
In [10, Lemma 2.1], Macdonald gave a sketch of a proof that if G is a Camina group of nilpotence class 3, then jG 3 j Ä jG 0 W G 3 j where G 3 D OEG 0 ; G. However, Dark and Scoppola pointed out in [4] that there is a flaw in Macdonald's argument. The best result that they could prove is jG 3 j < jG 0 W G 3 j 3=2 (see [4, Lemma 5] ).
Our student, Nabil Mlaiki, included in his dissertation [13] an argument that also tried to prove Macdonald's claim. Unfortunately, this argument relied on the assertion that if G is a Camina p-group of nilpotence class 3, then C G .G 0 / > G 0 . While it is true that if G is a Camina p-group of nilpotence class 3 and jG 3 j D p, then C G .G 0 / > G 0 , this is not true for all Camina p-groups of nilpotence class 3. In fact, for every odd prime p, there exists a Camina p-group of nilpotence class 3 so that C G .G 0 / D G 0 . Thus, this argument is fatally flawed.
On the other hand, it is not difficult to see that the argument mentioned in the previous paragraph is valid when one makes the additional assumption that C G .G 0 / > G 0 . In particular, if G is a Camina group of nilpotence class 3 and C G .G 0 / > G 0 , then one has jG 3 j Ä jG 0 W G 3 j. At this time, we are not able to make progress on proving Macdonald's claim. We are able to prove a stronger bound than Macdonald's original bound in the situation where G is a nilpotence class 3 Camina p-group with C G .G 0 / > G 0 . We note that jG 0 W G 3 j is a square, so jG 0 W G 3 j 1=2 is necessarily an integer.
We now remove the hypothesis that G 0 < C G .G 0 /. Unfortunately, at this time to obtain additional results bounding jG 3 j, we need to add another hypothesis. In particular, we add a hypothesis on the number of abelian subgroups of G=G 3 that have order jG W G 0 j. Theorem 2. Let G be a Camina p-group of nilpotence class 3, and let H D G=G 3 .
(1) If H has one or two abelian subgroups of order jH W H 0 j, then
It is known that when G is a Camina p-group of nilpotence class 3, then jG W G 0 j is the maximum size allowed for an abelian subgroup of G=G 3 . It is also known that G=G 3 is guaranteed to have an abelian subgroup of this size, and in fact, we will use a result of Verardi to see that G=G 3 will have either one or two abelian subgroup of this size or it will have p a C 1 abelian subgroups of this size where a is a positive divisor of n and n is defined by jG W G 0 j D p 2n . We mention that Verardi has provided examples of Camina groups H of nilpotence class 2 that have no abelian subgroups of order jH W H 0 j, so this is a nontrivial requirement on G=G 3 . Notice that when a < n=2, Theorem 2 will give a bound that is stronger than Macdonald's bound. On the other hand, it is known that if jG 3 j p n , then G=G 3 must have 1 C p n abelian subgroups of size jG W G 0 j. In this case, the bound yielded by Theorem 2 is jG 3 j Ä p 2n , and we already know that jG 3 j < p 3n=2 < p 2n ; so unfortunately, Theorem 2 also does not provide any progress toward proving Macdonald's bound.
On the other hand, Theorems 1 and 2 do provide evidence that the structure of a Camina p-group of nilpotence class 3 does depend on the structure of its factor group G=G 3 which is a Camina p-group of nilpotence class 2 with at least one abelian subgroup of order jG W G 0 j. Also, we will provide examples of Camina 3-groups G of nilpotence class 3 where G=G 3 has exactly one abelian subgroup of order jG W G 0 j. All of the previously published examples have 1 C p n abelian subgroups of order jG W G 0 j D p 2n for G=G 3 ; so this shows that the hypothesis in Theorem 2 (1) makes sense.
Preliminaries
We begin by reviewing some of the known results regarding Camina p-groups. It is not difficult to show that if G is a Camina group and N is a normal subgroup of G that does not contain G 0 , then G=N is a Camina group. Thus, if G is a Camina p-group of nilpotence class 2, then G=N is a Camina group for every subgroup N Ä Z.G/ D G 0 with jG 0 W N j D p. Notice that this implies that G=N will be an extraspecial p-group. In fact, Camina p-groups of nilpotence class 2 with jG 0 j D p are extraspecial. Hence, we can restate the previous fact as saying that if G is a Camina p-group with nilpotence class 2 and N has index p in Z.G/, then G=N is extraspecial. Beisiegel in [1] has defined a p-group G to be semiextraspecial if G=N is extraspecial for every subgroup N having index p in Z.G/. Verardi proved in [14, Theorem 1.2] that every semiextraspecial p-group is a Camina p-group, and Verardi has extensively studied such groups in [14] . This proves that a p-group is semiextraspecial if and only if it is a Camina p-group of nilpotence class 2.
In general, a semiextraspecial group G satisfies jG 0 j 2 Ä jG W 
At the end of Section 3 of [14] , Verardi constructed an ultraspecial group K that has no abelian subgroups of order jK W K 0 j. At the beginning of Section 4 of [14] , Verardi presented an ultraspecial group K with exactly one abelian subgroup of order jK W K 0 j. In [14, Example 3.9 (b)], Verardi shows that there is an infinite family of ultraspecial groups K with exactly two abelian subgroups of order jK W K 0 j. In [14, Corollary 5.9], Verardi proved that if K is an ultraspecial group with more than two abelian subgroups of order jK W K 0 j, then the number of abelian subgroups of order jK W K 0 j is p h C 1 where h is a positive integer that divides n and n is defined by jK W K 0 j D p 2n .
In [14, Theorem 5.10] , it is proved that if K is an ultraspecial group with jK W K 0 j D p 2n and K has p n C 1 abelian subgroups of order jK W K 0 j, then K is isomorphic to a Sylow p-subgroup of SL 3 .p n /. We note that a Sylow p-subgroup of SL 3 .p n / is the group known as the Heisenberg group of degree p n . In summary, an ultraspecial group K has either zero, one, two, or p h C 1 abelian subgroups of order jK W K 0 j D p 2n where h is a divisor of n and h D n if and only if K is the Heisenberg group. In this paper, we focus on the case where G is a Camina p-group of nilpotence class 3. Suppose a 2 G n G 0 . We will define A.a/ D ¹x 2 G j OEa; x 2 G 3 º. Observe that A.a/=G 3 D C G=G 3 .aG 3 /. Under the assumption that G had nilpotence class 3, we know that G 3 D OEG 0 ; G > 1 and
In fact, when G is a Camina group, these subgroups will coincide.
Then the following are true:
(1) G=G 3 is an ultraspecial group and jG 0 W G 3 j is a square.
Conclusion (1) In this section, we present the proof of Theorem 1. Our argument follows the basic outline of the proof of [9, Theorem 5.2], however we believe we have provided some simplifications over the argument there. The lemmas in this section are elementary arguments that appear in the proof of [9, Theorem 5.2] . We list them separately to make it easier to refer to them.
If G is a Camina p-group of nilpotence class 3 and a 2 G n G 0 , recall that
Lemma 3.1. Let G be a Camina p-group of nilpotence class 3, and suppose that
Proof. By Theorem 2.1 (5), C =G 3 is abelian. Since a 2 C , this implies that C =G 3 centralizes aG 3 , and so C Ä A.a/. Applying Theorem 2.1 (2) and (4), we know that jG W A.a/j D jG W C j, and we conclude that C D A.a/.
Let A be a subgroup of G and let g 2 G. Then we write OEg; A for the set ¹OEg; a j a 2 Aº. Note that we are not assuming OEg; A is a subgroup.
Proof. Since C G .a/ centralizes a and G 3 Ä C G .a/, we see that C G .a/=G 3 will centralize aG 3 , and so C G .a/ Ä A.a/ D A. We know from Theorem 2.1 (2) that jG W Aj D jG 0 W G 3 j. The usual counting argument yields
It follows that
Since the map a x 7 ! OEa; x D a 1 a x is a injection from cl A .a/ to OEa; A, we have that jOEa; Aj jG 3 j. On the hand, since A=G 3 D C G=G 3 .aG 3 /, we know that OEa; A Ä G 3 , and this implies that G 3 D OEa; A.
We shall now determine the subgroups in A.G/ whose quotient modulo G 3 is abelian. Proof. If A 0 D G 3 , then the quotient A=G 3 is abelian. Conversely, suppose A=G 3 is abelian, so A 0 Ä G 3 . Since A D A.a/, we may apply Lemma 3.2 to obtain G 3 D OEa; A Ä A 0 . Therefore, we conclude that A 0 D G 3 .
Note that this next theorem includes Theorem 1 from the Introduction, however we obtain more information on the structure than was stated there. Following [7] , we say that a group G is a VZ-group if every nonlinear irreducible character of G vanishes off of the center of G. In [5] , it is shown that a group is a VZ-group if and only if it is isoclinic to a semiextraspecial group, so these groups are very closely related to the groups studied by MacDonald in [9] and [10] and by Verardi in [14] . Note that the conclusion that C is a VZ-group implies that jC W Z.C /j D jC W G 0 j is a square. We can then use Theorem 2.1 to recover the main conclusion of [9, Theorem 5.2] giving a somewhat simpler proof of that result.
Proof. We know via Lemma 3.1 that C D A.a/ for every element a 2 C n G 0 . By Theorem 2.1 (5), we know that C =G 3 is abelian; so by Lemma 3.3 we have that 
The class C .G /
In this section, we formalize some notation and obtain further results that we use to prove Theorem 2. Let G be a Camina p-group of nilpotence class 3.
Observe that if a group M satisfies M < G 3 and M Ä N with jG 3 W N j D p, then C.N=M / D C.N /=M , and so
Now, suppose H is a semiextraspecial p-group. Define Our first result shows that C.G/ is a subset of A.G/.
Lemma 4.1. Let G be a Camina p-group of nilpotence class 3.
(1) If A 2 A.G/ and A=G 3 is abelian, then A D A.a/ for all a 2 A n G 0 .
Proof. Suppose A 2 A.G/ so that A=G 3 is abelian. Consider a 2 A n G 0 . Since is abelian. This implies that conclusion (1) applies to C and we obtain conclusions (2) and (3).
We continue to assume that G is a Camina group of nilpotence class 3. Note that if A.a/ D C.N /, then A.a/=G 3 is abelian by Theorem 2.1 (5).
We define
Thus, we have the inclusions C .G/ Â A .G/ Â A.G/. Since G 3 has at least one subgroup of index p, it follows that C.G/ is nonempty, and this implies that A .G/ is nonempty. Hence, G=G 3 must have at least one centralizer of an element in G=G 3 n G 0 =G 3 that is abelian. Since jG W A.a/j D jG W G 0 j 1=2 , we have that
It follows that G=G 3 has at least one abelian subgroup of order jG W G 0 j. We now identify those groups in A.G/ that lie in C.G/. We now consider the case where G is a Camina group of nilpotence class 3 and C.G/ contains at least two elements.
We now show that C.G/ has only one element if and only if G 0 < C G .G 0 /. Furthermore, the one subgroup in C.G/ is C G .G 0 /. (1) and (2), we deduce that jG W C j D jG W G 0 j 1=2 . Thus, jG W C G .G 0 /j D jG W C j, and we conclude that C D C G .G 0 /. This proves the lemma.
Proof of Theorem 2
We begin this section with two general results. These results are quite elementary, however, we do not know of any proof of these in the existing literature.
Let G be a group. A set of subgroups ¹A 1 ; : :
We say the partition is nontrivial if k > 1 and A i > 1 for all i D 1; : : : ; k.
Lemma 5.1. Suppose that A is an elementary abelian p-group of order p n and let ¹A 1 ; : : : ; A k º be a nontrivial partition of A. If n D 2l for some integer l, then k p l C 1 with equality occurring if and only if all jA i j D p l 1 and if n D 2l C 1 for some integer l, then k > p l C 1.
Proof. Since the subgroups A i form a partition, we have
Notice that for each i , the order jA i j is a power of p between p and p n 1 . For j D 1; : : : ; n 1, we set a j D j¹i j jA i j D p j ºj. That is, a j is the number of subgroups A i that have order p j . It follows that
Without loss of generality, we may assume that jA 1 j jA i j for all i D 2; : : : ; k.
Suppose first that jA 1 j > p l . Thus, we can write jA 1 j D p b where b l C 1. We know that A 1 \ A i D 1 for i D 2; : : : ; k. This implies that
It follows that a b D 1, a j D 0 when j > n b and j ¤ b, and
Rearranging this equation, we have
Dividing by p n b 1, we obtain p b Ä k 1. We conclude that p l C1 < p b C1 Ä k, as desired. Notice that we cannot have equality in this case. Thus, we may now assume that jA 1 j Ä p l , and so jA i j Ä p l for i D 1; : : : ; k. This implies that a j D 0 when j > l. We now have
Dividing by p l 1, we see that
This yields k p l C1 when n D 2l. We obtain equality if and only if
This completes the proof.
We now obtain a dual result for Lemma 5.1.
Lemma 5.2. Suppose that M is an elementary abelian p-group of order p n and let M 1 ; : : : ; M k be proper, nontrivial subgroups of M that satisfy the following two conditions:
Proof. By Lemma 5.1, it suffices to show that the following sets of characters, ¹Irr.M=M 1 /; : : : ; Irr.M=M k /º, is a nontrivial partition of Irr.M /. To this end, suppose i ¤ j and 2 Irr.M=M i / \ Irr.M=M j /. This implies that M i Ä ker. / and
and so M Ä ker. /. Thus, D 1 M , and we see that
For any 2 Irr.M /, we know that jM W ker. /j D p. Thus, there is an integer i with 1 Ä i Ä k so that M i Ä ker. /, and so 2 Irr.M=M i /. We conclude that
Irr.M=M i /:
Since M i < M for each i , we see that Irr.M=M i / > ¹1 M º for all i , and since M i > 1, we have Irr.M=M i / < Irr.M / for all i . Therefore, we have the desired nontrivial partition, and the lemma is proved.
With this in hand, we obtain a count of C .G/ in terms of jG 3 j.
Lemma 5.3. Let G be a Camina p-group of nilpotence class 3, and suppose that
Proof. Let C .G/ D ¹C 1 ; : : : ; C k º where the subgroups C i are distinct. In light of Lemma 4.4, since
On the other hand, applying Lemma 4.2 (3), we conclude that OEC i ; G 0 < G 3 . We use Lemma 4.3 to see that We noted before Lemma 4.2, A .G/ is nonempty. Also, by Theorem 2.1 (1), we know that G=G 3 is an ultraspecial group. It is not difficult to see that A .G=G 3 / will consist of the abelian subgroups of G=G 3 having order jG W G 0 j, and recall that A .G=G 3 / D ¹A=G 3 j A 2 A .G/º. Using the results of Verardi mentioned in the third paragraph of Section 2, we see that jA .G/j is either 1, 2 or it has the value 1 C p h for some integer h with h dividing n.
Theorem 5.5. Let G be a Camina p-group of nilpotence class 3. Suppose that
Proof. Let jG 3 j D p m . In light of Theorem 2.1 (6), we know that m 2. Suppose first that m D 2l. By Lemma 5.3, we have p l C 1 Ä jC.G/j. This implies that p l C 1 Ä p a C 1 and so l Ä a. This yields m Ä 2a as desired. Now suppose that m D 2l C 1. By Lemma 5.3, we have p l C 1 < jC.G/j. This implies that p l C 1 < p a C 1, and so l < a. We obtain l Ä a 1, and so
Proof of Theorem 2. We know that C.G/ Â A .G/. Thus, if jA .G/j D 1 or 2, then jC.G/j Ä 2 < p, and so Lemma 5.4 will imply that G 0 < C G .G 0 /. This yields conclusion (1) . Now, suppose that jA .G/j D p a C 1 for a positive integer a, and thus, jC.G/j Ä p a C 1. If G 0 < C G .G 0 /, then conclusion (2) holds and we are done. Thus, we may assume that G 0 D C G .G 0 /. This implies that we are in the situation of Theorem 5.5, and conclusion (2) follows from that theorem.
The case
We conclude by gathering some facts about G when G is a Camina p-group of nilpotence class 3 that satisfies G 0 D C G .G 0 /. In particular, we will draw some conclusions when jG 3 j jG 0 W G 3 j. We hope that these results might lead to ideas that result in settling whether or not Macdonald's bound holds. These results are motivated by ideas that appear in [3] , [4] , [9] , [10] , and [12] . We begin by considering intersections between subgroups in A .G/ and A.G/. 
We next show that elements in A.G/ do not contain the centralizers of elements in G 0 n G 3 when G is a Camina p-group of nilpotence class 3 and G 0 D C G .G 0 /. Lemma 6.2 is of the same spirit as [9, Lemma 5.1]. However, in [9, Lemma 5.1], Macdonald is interested in the elements in the set C G .G 0 / n G 0 , whereas in Lemma 6.2 and Corollary 6.3, we are interested in the elements in the set G 0 n G 3 . 
Proof. This is the contrapositive of Lemma 6.2.
We now characterize the subgroups in A .G/ n C.G/. In this first lemma, we handle the case where jG 3 j D p.
Lemma 6.4. Let G be a Camina p-group of nilpotence class 3, and suppose that We now have the general case.
Corollary 6.5. Let G be a Camina p-group of nilpotence class 3, and suppose that A 2 A .G/ n C.G/. Then A is a semiextraspecial group.
Proof. Let N Ä G 3 satisfy jG 3 W N j D p. Applying Lemma 6.4 to G=N , we see that A=N is an extraspecial group, and we conclude that A is semiextraspecial.
We also know from [11] that G=G 3 has exponent p. Combining this fact with [14, Theorem 6.1], we deduce that A .G/ D A.G/ if and only if G=G 3 is isomorphic to the Heisenberg group for p n . Corollary 6.6. Let G be a Caminap-group of nilpotence class 3.
Proof. Recall that C.G/ Â A .G/, and jA .G/j is either 1, 2, or 1 C p a where a divides n and n satisfies jG W G 0 j D p 2n . Thus, if A .G/ < A.G/, then the possible values of a are at most n=2. Applying Theorems 1 and 2, we see that either jG 3 j Ä jG W G 0 j 1=4 or jG 3 j Ä p 2a Ä p n D jG W G 0 j 1=2 . Thus, we may assume that A .G/ D A.G/, and there exists A 2 A .G/ n C.G/. By Lemma 6.5, A is semiextraspecial, and from [14] , it follows that jG 3 j D jA 0 j Ä jG W G 0 j 1=2 .
Finally, we make an observation when G is a Camina p-group of nilpotence class 3 and jG 3 j > jG W G 0 j 1=2 . Proof. We know by Corollary 6.6 that C.G/ D A.G/, and as a consequence of the inclusions C.G/ Â A .G/ Â A.G/, we have the first conclusion. In [12, Theorem 1.3 (vi)], it is proved that if H is a Camina p-group of nilpotence class 3 and jH 3 j D jH W H 0 j 1=2 , then H=H 3 is isomorphic to the Heisenberg group. We can find a subgroup N in G 3 so that jG 3 W N j D p n . Then H Š G=N is a Camina p-group of nilpotence class 3 and jH 3 j D jH W H 0 j 1=2 . Thus, G=G 3 Š H=H 3 is isomorphic to the Heisenberg group. Since G=G 3 is isomorphic to the Heisenberg group, we know that jA.G/j D p n C 1, and this yields the second conclusion.
Final remarks
As we have mentioned before, Camina groups having nilpotence class 3 have been constructed in [9 [4, Section 4] . However, in all of these cases if G is the nilpotence class 3 Camina group constructed, then G=Z.G/ is a Heisenberg group. It makes sense to ask whether there exist Camina groups G of nilpotence class 3 where G=G 3 is not a Heisenberg group, since if no such groups exist, then Theorem 2 would be pointless. Thus, we present code from the computer algebra system Magma [2] for two Camina 3-groups G of nilpotence class 3 one of which has order 3 13 and the other has order 3 14 . In both cases jA .G/j D 1. We note that G=G 3 is not isomorphic in the two examples since the first example has jA.G/j D 3241 and the second example has jA.G/j D 2998. See the appendix.
This raises the question of which groups can occur as H D G=G 3 when G is a Camina group of nilpotence class 3. By Theorem 2.1 (1), we know that H must be ultraspecial. In light of the comments following Lemma 4.1, we must have jA .H /j 1. Finally, as mentioned before, Mann proved in [11, Theorem 1 (b) ] that H has exponent p. Thus, it seems reasonable to ask what other conditions (if any) are necessary for H . At this time, we do not have a satisfactory answer to this question.
